Nonlinear X-shaped angle-wavelength spectrum of the generated second-harmonic wave is observed for a collimated femtosecond pulse of a large beam waist, where the spatiotemporal balance is originated from mutual coupling of the effective nonlinear Kerr effects, pulse frequency chirp, and negative phase shift from cascaded quadratic processes with appropriate phase mismatch. © 2009 Optical Society of America OCIS codes: 320.7120, 190.3270, 320.2250, 190.2620 The study of cascaded second-order nonlinear processes in quadratic media [1] has attracted much attention, since it can be equivalent to an effective third-order process with a quite high nonlinearity and can be controlled by varying the phase mismatch between the involved waves. The strong optical nonlinearities can also be used to suppress the spatial diffraction or the temporal dispersion of an intense optical pulse, leading to the formation of optical solitons [2] . For ultrashort pulses, the strong spatiotemporal couplings have been extensively studied as spatiotemporal modulation instability [3, 4] , nonlinear X-shaped waves [5], self-mode-locking of ultrafast solid-state lasers [6] , and so forth. Nonlinear X-shaped waves have been observed with filamentation [7] and second-harmonic generation (SHG) processes [8] owing to the strong interplay of the diffraction, dispersion, and the nonlinear Kerr effect [9, 10] , where tightly focused ultrashort laser pulses with quite small beam waists were used as the inputs to ensure dispersion and diffraction lengths comparable to the effective nonlinear length. In this Letter, we demonstrate that a nonlinear X-shaped wave can be generated by SHG with a collimated femtosecond pulse of a large beam waist, rather than a tightly focused one. Instead of the material dispersion and diffraction, the accumulated nonlinear phase shift from the cascaded second-order processes with an amount of phase mismatch and the intrinsic frequency chirp of incident pulse play dominate roles in counteracting the optical nonlinearities to form an X-shaped wave.
The study of cascaded second-order nonlinear processes in quadratic media [1] has attracted much attention, since it can be equivalent to an effective third-order process with a quite high nonlinearity and can be controlled by varying the phase mismatch between the involved waves. The strong optical nonlinearities can also be used to suppress the spatial diffraction or the temporal dispersion of an intense optical pulse, leading to the formation of optical solitons [2] . For ultrashort pulses, the strong spatiotemporal couplings have been extensively studied as spatiotemporal modulation instability [3, 4] , nonlinear X-shaped waves [5] , self-mode-locking of ultrafast solid-state lasers [6] , and so forth. Nonlinear X-shaped waves have been observed with filamentation [7] and second-harmonic generation (SHG) processes [8] owing to the strong interplay of the diffraction, dispersion, and the nonlinear Kerr effect [9, 10] , where tightly focused ultrashort laser pulses with quite small beam waists were used as the inputs to ensure dispersion and diffraction lengths comparable to the effective nonlinear length.
In this Letter, we demonstrate that a nonlinear X-shaped wave can be generated by SHG with a collimated femtosecond pulse of a large beam waist, rather than a tightly focused one. Instead of the material dispersion and diffraction, the accumulated nonlinear phase shift from the cascaded second-order processes with an amount of phase mismatch and the intrinsic frequency chirp of incident pulse play dominate roles in counteracting the optical nonlinearities to form an X-shaped wave.
An output from an amplified Ti:sapphire laser system (repetition rate ϳ1 kHz, pulse width ϳ40 fs, beam radius ϳ2.5 mm, central wavelength ϳ800 nm) was collimated (reduction factor of 10:3) and steered into a 4-mm-long ␤-barium borate (BBO) crystal for type-I SHG of the fundamental wave (FW), which was positively chirped with effective pulse durations from 40 to 770 fs. The phase mismatch between the FW and the second harmonic (SH) was controlled by adjusting the angle between the incident FW and the axis of the BBO crystal. By using a Fourier lens, the output beam was first transformed to the surface of a slit to obtain the spatial angular distribution ͑͒, which was then diffracted by a grating after another lens to produce the wavelength distribution ͑͒. Finally, the reconstructed angle-wavelength ͑ -͒ spectrum was recorded by a commercial CCD with an exposure time of 0.9 ms to ensure a single-shot measurement. Here, only the SH wave was recorded with a short-pass filter (Thorlabs FES0550) before the CCD; please note that all the figures throughout this Letter are presented in a linear scale. Figure 1 shows the measured ͑ -͒ spectra of the SH wave driven by FW pulses with chirps as C ϳ 0, 9.8ϫ 10 −6 , 1.9ϫ 10 −5 , 3.2ϫ 10
where C is related to the pulse duration p and chirp-free pulse duration 0 through 0 = p / ͑1+C 2 pm 4 ͒ 1/2 , with pm = 770 fs [11, 12] . The phase mismatch was adjusted to be ⌬k = k 2 −2k ϳ 1.3 ϫ 10 3 cm −1 , where k and k 2 are the wave vectors of the FW and SH waves, respectively. The X-shaped wave emerged only as an adequate positive chirp was preintroduced to the incident pulse, and, as shown in Fig. 1(d) , a clear X-shaped ͑ -͒ spectrum was observed with a positive chirp of C ϳ 3.2ϫ 10 −5 fs −2 . With an incident beam radius of w 0 = 0.75 mm and a pulse duration of p = 770 fs, the corresponding diffraction and dispersion lengths were estimated to be L df = k w 0 2 /2ϳ 367 cm and L ds = 0.322 p 2 / ͉͑d 2 k / d 2 ͉͒ ϳ 255 cm, which were much larger than the length of the BBO crystal used in our experiments. Meanwhile, the nonlinear length was estimated to be L nl = n / ͑2͒ E 0 ϳ 0.01 cm, where n , , and E 0 are, respectively, the linear refractive index, central wavelength, and amplitude of the FW pulse, and ͑2͒ is the second-order nonlinear optical susceptibility. Hence, the effects of the diffraction and the dispersion could be neglected and could not counteract the nonlinear Kerr effect at all. Here, in the normal dispersion region, the temporal dispersion of the ultrashort pulse was increased with a preintroduced positive chirp, which thus equivalently shortened the dispersion length [13] and then balanced the Kerr nonlinearities. We also tried the measurements with negatively prechirped incident pulses. No evident X-shaped wave was observed, since the corresponding dispersion length was increased for a negatively chirped pulse in a normally dispersive medium. The preintroduced positive pulse chirp not only shortened the dispersion length but also decreased the pulse intensity and the corresponding nonlinear Kerr effects.
Actually, the negative phase shift from the cascaded quadratic processes has the same effect as the spatial diffraction and can be used to compensate for the self-focusing of the beam. Figure 2 shows the measured ͑ -͒ spectra of the SH wave as the increasing phase mismatches from 984.1 to 1.9 ϫ 10 3 cm −1 for a fixed pulse chirp of C = 3.2 ϫ 10 −5 fs −2 . The X-shaped tails emerged only with sufficient phase mismatches, i.e., ⌬k ജ 984.1 cm −1 . The self-focusing and self-phase modulation in media with a nonlinear refractive index n 2 Ͼ 0 arise from the nonlinear phase shift ⌽ kerr ͑x , y͒ = ͑2 / ͒ ϫ͐n 2 ͑z͒I͑x , y , z͒dz, referred as the B integral [14] . The phase shift accumulated from cascaded nonlinear processes in quadratic media reads
with the crystal length L and
With a phase mismatch of ⌬k ϳ 1.3ϫ 10 3 cm −1 , the nonlinear phase shift from the cascaded quadratic processes is estimated to be ⌽ nl ϳ −0.89, which is comparable to the phase shift induced by the B integral ⌽ kerr ϳ 0.62. The negative phase shift from the cascaded quadratic processes decreases the effective diffraction length and compensates for the self-focusing effect, leading to the observation of X-shaped waves in our experiments. Under the optimal pulse chirp of C = 3.2ϫ 10 −5 fs −2 and phase mismatch of ⌬k ϳ 1.3ϫ 10 3 cm −1 , the dependence of the X-shaped waves on the driving intensity was studied by slowly increasing the incident power of the FW as shown in Fig. 3 . The X-shaped ͑ -͒ spectrum could be observed only as the driving FW intensity was larger than 37.0 GW/ cm 2 , where sufficient spectral broadening of the SH wave and cascaded quadratic nonlinear processes could result to compensate for the phase shift induced by the B integral. Similar to the generation of an X-shaped wave by using a tightly focused beam, spectral broadening is important for the observed X-shaped wave here. In fact, in our experiments, the input wavelength of the FW covered from 780 to 815 nm and the output SH spectrum covered from 380 to 410 nm, which was actually broadened during the complicated cascaded quadratic nonlinear processes. However, the CCD used in the experiment was not large enough to catch the whole spectrum, and only the center part of the spectrum was chosen. The periodicities in the spectral partitions indicate a temporal split of the generated SH wave as a result of the cascaded processes in the presence of phase and group-velocity mismatches [15] , which becomes clearer as the increasing phase mismatch as shown in Fig. 2 .
The physical underlying of the observed X-shaped wave with a collimated femtosecond pulse is confirmed by numerically integrating the coupled-wave equations [16] by including the cross-phase modulation between the FW and the SH waves. As shown in Fig. 4 , the X-shaped wave can be observed only for sufficiently positive chirp and evident phase mismatch in the frequency-doubling process. This agrees well with our experimental observation that an amount of positive chirp together with wellcompensated nonlinear phase shifts from phase mismatch are necessary to suppress the strong nonlinearity and lead to the formation of an X-shaped wave. In summary, nonlinear X-shaped waves were observed in a quadratic nonlinear medium under the circumstance of imbalanced interplay of dispersion, diffraction, and optical nonlinearities. In a phasemismatched SHG driven by a collimated femtosecond pulse of a large beam waist, the temporal dispersion was increased by preintroducing an appropriate positive chirp, and the spatial diffraction was modified by the phase shift accumulated from the cascaded quadratic nonlinear processes, leading to counterbalance between optical nonlinearities and dispersion (diffraction) to form an X-shaped wave. This is quite different from the conventional one induced by a tightly focused beam and presents a significant way to understand the nonlinear X-shaped waves. 
